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Abstract— Benefiting from tens of GHz of bandwidth,
terahertz (THz) communication has become a promising tech-
nology for future 6G network. To deal with the serious propa-
gation loss of THz signals, massive multiple-input multiple-output
(MIMO) with hybrid precoding is utilized to generate directional
beams with high array gains. However, the standard hybrid
precoding architecture based on frequency-independent phase-
shifters cannot cope with the beam split effect in THz massive
MIMO caused by the large bandwidth and the large number of
antennas, where the beams split into different physical directions
at different frequencies. The beam split effect will result in a
serious array gain loss across the entire bandwidth, which has
not been well investigated in THz massive MIMO. In this paper,
we first quantify the seriousness of the beam split effect in THz
massive MIMO by analyzing the array gain loss it causes. Then,
we propose a new precoding architecture called delay-phase
precoding (DPP) to mitigate this effect. Specifically, the proposed
DPP introduces a time delay network composed of a small
number of time delay elements between radio-frequency chains
and phase-shifters in the standard hybrid precoding architecture.
Unlike frequency-independent phase shifts, the time delay network
introduced in the DPP can realize frequency-dependent phase
shifts, which can be designed to generate frequency-dependent
beams towards the target physical direction across the entire
bandwidth. Due to the joint control of delay and phase, the
proposed DPP can alleviate the array gain loss caused by the
beam split effect. Furthermore, we propose a hardware structure
by using true-time-delayers to realize frequency-dependent phase
shifts for realizing the concept of DPP. A corresponding precoding
algorithm is proposed to realize the precoding design. Theoretical
analysis and simulations show that the proposed DPP can
mitigate the beam split effect and achieve near-optimal rate with
higher energy efficiency.
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I. INTRODUCTION

THE future 6G wireless network is expected to realize
Tbps single-user data rate to support emerging ultra-

high-speed applications, such as mobile holograms, immer-
sive virtual reality, and digital twins [2]. To realize such
a rapid growth of the data traffic in future 6G wireless
network, terahertz (THz) communication is considered to
be a promising technology due to the tenfold increase in
bandwidth it can provide [3]–[8]. Compared with the typical
bandwidth of several GHz in the millimeter-wave (mmWave)
band (30-100 GHz) for 5G, the THz band (0.1-10 THz)
for 6G is capable of providing at least 10 GHz bandwidth
or even much larger [7], [9]. However, THz signals suffer
from severe propagation attenuation due to the very high
carrier frequencies, which is a major obstacle to practical
THz communications [3]. Massive multiple-input multiple-
output (MIMO), which utilizes a large antenna array to
generate directional beams with high array gains, can be
used to compensate for such severe signal attenuation in THz
communications. Consequently, THz massive MIMO is very
promising for future 6G wireless communications [10]–[12].
Similar to mmWave massive MIMO, hybrid precoding has
been recently considered for THz massive MIMO to relieve
the substantial power consumption of THz radio-frequency
(RF) chains [13]. The key idea of hybrid precoding is to
decompose the high-dimensional fully-digital precoder into
a high-dimensional analog beamformer realized by phase-
shifters (PSs) and a low-dimensional digital precoder [14].
Thus, a significantly reduced number of RF chains can be
used. Thanks to the sparsity of THz channels [15], a small
number of RF chains are still sufficient to fully achieve the
multiplexing gain in THz massive MIMO systems [14], [16].

A. Prior Works

In the conventional hybrid precoding architecture, the ana-
log beamformer will generate directional beams aligned with
the physical directions of channel path components to realize
the full array gain [16]. Such an analog beamformer works
well for narrowband systems. However, for wideband 5G
mmWave massive MIMO systems, the beams at different sub-
carrier frequencies will point to different physical directions
due to use of the frequency-independent PSs [16], which
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results in an array gain loss. To deal with the array gain
loss incurred by this effect, called beam squint [17], several
methods have been proposed for mmWave massive MIMO
systems [18]–[21]. Specifically, the hybrid precoding problem
in orthogonal frequency division multiplexing (OFDM) based
wideband massive MIMO systems was formulated in [18],
where a near-optimal closed-form solution was developed.
Aiming at improving the performance of hybrid precoding,
an alternating optimization algorithm was proposed in [19],
which iteratively optimized the analog beamformer and digital
precoder to achieve near-optimal rate performance across the
entire bandwidth. In addition, codebooks containing beams
with wide beamwidths were designed to reduce the array
gain loss caused by the beam squint effect in [20] and [21].
Specifically, the wide beams were designed in [20] by max-
imizing the minimum array gain achieved at all subcarriers,
while a semidefinite relaxation method was utilized in [21]
to maximize the total array gain across the entire bandwidth.
These methods [18]–[21] are effective for improving the
achievable rate performance, as the beams only slightly squint
and the array gain loss is not serious in wideband mmWave
massive MIMO systems.

However, the methods of [18]–[21] are not valid for wide-
band THz massive MIMO systems. Due to the much wider
bandwidth of THz signals and the much larger number of
antennas to be used, beams at different subcarriers will split
into totally separated physical directions. This effect, called
beam split in this paper, which is a key difference between
mmWave and THz massive MIMO systems, brings a new
fundamental challenge for THz communications. Specifically,
unlike the situation under the beam squint effect where the
beams can still cover the user across the entire bandwidth,
the beams generated by frequency-independent PSs can only
be aligned with the target user over a small portion of all
subcarriers around the central frequency due to the beam
split effect. This indicates that only the beams around the
central frequency can achieve high array gain, while the
beams at other subcarriers suffer from a serious array gain
loss. Therefore, the beam split effect will result in a severe
achievable rate degradation, and counteract the achievable
rate gain benefiting from the bandwidth increase in THz
massive MIMO systems. Using true-time-delayers to generate
frequency-dependent phase shifts is a solution to solve the
beam split. For example, deploying one true-time-delayer to
control each antenna element can realize wideband beamform-
ing [22], [23] and beam training [24]. In order to reduce
the required range of time delays, a hybrid true-time-delayer
architecture was proposed in [25] for fast beam training,
where the time delays were realized separately by analog
time-delayers with the equal number of antennas and a small
number of digital time-delayers. However, since delayers
with the equal number of antennas are utilized, the existing
works [22]–[25] may bring high power consumption due
to the large number of antennas, especially for precoding
where multiple data streams are transmitted. On the other
hand, these true-time-delayers based architectures [22]–[25]
mainly consider beamformer design with a single data stream,
while the precoding design with multiple data streams has not

been considered. In conclusion, to our best knowledge, the
beam split effect has not been characterized and investigated
in THz massive MIMO systems, and there are no practical
solutions for precoding design to overcome this fundamental
challenge.

B. Our Contributions

In this paper, we first analyze the performance loss caused
by the beam split effect, and then we propose the delay-phase
precoding (DPP) architecture to mitigate the beam split effect
in THz massive MIMO systems. The contributions of this
paper can be summarized as follows.

• We first reveal and quantify the beam split effect, i.e., the
THz rainbow, in wideband THz massive MIMO systems.
The relationship between the array gain loss and the
system parameters is analyzed. Based on this analysis,
we define a metric called beam split ratio to evaluate
the degree of the beam split effect, which clearly shows
how serious the beam split effect is caused by the large
bandwidth and large number of antennas in wideband
THz massive MIMO systems.

• We propose a new precoding architecture, namely DPP,
to mitigate the beam split effect. In the proposed DPP,
a time delay (TD) network composed of a small number
of TD elements, is introduced between the RF chains and
frequency-independent PSs in the conventional hybrid
precoding architecture. The PSs are still used to generate
beams aligned with the target physical direction, while the
time delays in the TD network are designed to make the
beams aligned with the target physical directions across
the entire bandwidth. In this way, the DPP architec-
ture can convert frequency-independent phase controlled
beamforming into frequency-dependent delay-phase con-
trolled beamforming, which can significantly alleviate the
array gain loss caused by the beam split effect.

• A hardware structure called true-time-delayers based DPP
(TTD-DPP) is proposed to realize the concept of DPP,
where the TD network is realized by a small number of
TTDs between RF chains and the PS network. A cor-
responding precoding algorithm is proposed to realize
precoder design supporting multiple data streams. The
analysis and simulation results illustrate that the proposed
TTD-DPP structure is able to achieve the near-optimal
rate with higher energy efficiency.1

C. Organization and Notation

Organization: The remainder of the paper is organized as
follows. Section II introduces the system model of wideband
THz massive MIMO. In Section III, we analyze the beam split
effect, and propose the DPP architecture. Then, a TTDs based
hardware structure is proposed to realize DPP in Section IV.
Section V and VI provide simulation results and conclusions,
respectively.

Notation: Lower-case and upper-case boldface letters repre-
sent vectors and matrices, respectively; (·)T , (·)H , ‖ · ‖F, and

1Simulation codes are provided to reproduce the results in this paper:
http://oa.ee.tsinghua.edu.cn/dailinglong/publications/publications.html.
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Fig. 1. The conventional hybrid precoding architecture [16].

‖ · ‖k denote the transpose, conjugate transpose, Frobenius
norm, and k-norm of a matrix, respectively; H[i,j] denotes the
element of matrix H at the i-th row and the j-th column;
E(·) denotes the expectation; | · | denotes the absolute value;
IN represents N × N identity matrix; blkdiag(A) denotes a
block diagonal matrix where each column of A represents the
diagonal blocks of the matrix blkdiag(A); CN (μ,Σ) denotes
the Gaussian distribution with mean μ and covariance Σ;
U(a, b) represents the uniform distribution between a and b.

II. SYSTEM MODEL OF THZ MASSIVE MIMO

We first consider a THz massive MIMO system with
conventional hybrid precoding as shown in Fig. 1. The base
station (BS) employs NRF RF chains and an Nt-antenna
uniform linear array (ULA).2 An Nr-antenna user is served
and Ns data streams are transmitted simultaneously by the
BS (usually we have Ns = Nr ≤ NRF � Nt). The widely
used OFDM with M subcarriers is considered. The downlink
received signal ym ∈ CNr×1 at the m-th subcarrier can be
expressed as [16]

ym =
√

ρHH
mADmsm + nm, (1)

where Hm ∈ CNt×Nr is the frequency-domain channel at the
m-th subcarrier, A ∈ CNt×NRF with constraint |A[i,j]| = 1√

Nt

is the frequency-independent analog beamformer identical
over all M subcarriers which is realized by PSs [27],
Dm ∈ CNRF×Ns is the frequency-dependent digital precoder
at the m-th subcarrier satisfying transmission power constraint
‖ADm‖2

F = Ns, sm ∈ CNs×1 is the transmitted signal
at the m-th subcarrier with E(smsH

m) = 1
Ns

INs , ρ is the
average received power, and nm ∈ CNs×1 is the additive white
Gaussian noise at the m-th subcarrier following Gaussian
distribution CN (0, σ2INs) with σ2 being the noise power.

In this paper, we consider the widely used wideband ray-
based channel model [10] for THz communications. We denote
fc as the central frequency and B as the bandwidth. Then, the
time-domain channel hnt,nr between the nt-th antenna of the
BS and the nr-th antenna of the user with nt ∈ 1, 2, · · · , Nt

2In this paper, we consider the ULA for simplicity, but the analysis of the
beam split effect and the correspondingly proposed DPP architecture can be
easily extended to the uniform planar array (UPA) [26], which has a similar
channel form as ULA.

and nr ∈ 1, 2, · · · , Nr can be denoted as

hnt,nr =
L∑

l=1

glδ(t − τl−(nt − 1)
d

c
sin θ̃l − (nr − 1)

d

c
sin φ̃l),

(2)

where L denotes the number of resolvable paths, gl and τl

represent the path gain and path delay of the l-th path, θ̃l, φ̃l ∈
[−π/2, π/2] are the frequency-independent physical directions
of the l-th path at the BS side and the user side respectively,
d is the antenna spacing usually set as d = λc

2 = c
2fc

with
λc denoting the wavelength at the central frequency fc and
cannot be changed after the antenna array has been fabricated,
and c denotes the light speed. In (2), (nt − 1)d

c sin θ̃l and
(nr−1)d

c sin φ̃l denote the time delays caused by the physical
directions of the l-th path at the nt-th antenna of the BS and
that at the nr-th antenna of the user, respectively.

For the m-th subcarrier with frequency fm = fc +
B(2m−1−M)

2M , the frequency-domain channel Hm can be
denoted by the discrete Fourier transform (DFT) of the time-
domain channel as

Hm =
L∑

l=1

gle
−j2πτlfm ft(θ̄l,m)fr(φ̄l,m)H , (3)

where ft(θ̄l,m) and fr(φ̄l,m) are the array responses at the BS
side and the user side. Taking the array response at the BS as
an example, ft(θ̄l,m) can be presented by setting d = c

2fc
as

ft(θ̄l,m)=
1√
Nt

[
1, ejπθ̄l,m , ejπ2θ̄l,m , · · · , ejπ(Nt−1)θ̄l,m

]H
,

(4)

where θ̄l,m and φ̄l,m ∈ [−1, 1] denote the spatial directions
at the BS side and the user side of the l-th path component
at the m-th subcarrier, respectively. The spatial directions are
the directions of the channel path components in the spatial
domain. Since (3) is obtained by the DFT of (2), we can obtain
the relationship between the spatial directions (θ̄l,m, φ̄l,m)
in (3) and the physical directions (θ̃l, φ̃l) in (2) as θ̄l,m =
2d fm

c sin θ̃l and φ̄l,m = 2d fm

c sin φ̃l. For simplification, in this
paper, we use θl = sin θ̃l and φl = sin φ̃l to denote the
physical directions, where θl, φl ∈ [−1, 1].

III. DELAY-PHASE PRECODING FOR THZ MASSIVE MIMO

In this section, we will first introduce the beamforming
mechanism in massive MIMO systems. Then, the beam split
effect in THz massive MIMO will be revealed. After that, the
DPP architecture will be proposed to mitigate the performance
loss caused by the beam split effect.

A. Beamforming Mechanism

Generally, in THz massive MIMO systems, the analog
beamformer is designed to generate beams towards the phys-
ical directions of channel path components to compensate for
the severe path loss [16]. Then, the digital precoder is designed
based on the determined analog beamformer to realize spatial
multiplexing gain. Hence, whether the beams can precisely
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Fig. 2. Beamforming mechanism.

point to the physical directions of channel path components
has a crucial impact on the achievable rate performance. Tak-
ing the narrowband system as an example, we will introduce
the beamforming mechanism.

We consider the l-th path component with the physical
direction θl of the channel in (3). Usually, the l-th column of
the analog beamformer A in (1), i.e., the analog beamforming
vector al = A[:,l], is used to generate a directional beam
towards the l-th path’s physical direction θl, which has been
proved to be near-optimal [16]. Specifically, the beamforming
mechanism is to make electromagnetic waves that transmitted
by different antenna elements form an equiphase surface,
which is perpendicular to the target physical direction θl,
as shown in Fig. 2. To achieve this goal, different phase shifts
provided by PSs should be compensated at different antenna
elements. For instance, the distance difference between adja-
cent antenna elements reaching the equiphase surface is
d sin θ̃l = dθl. Therefore, for narrowband systems where
fm ≈ fc, the phase difference that should be compensated
between adjacent antenna elements is −2π d

λc
θl = −2π d

c fcθl.
As a result, the analog beamforming vector al is

al =
1

Nt

[
1, e−j2π d

c fcθl , e−j2π2 d
c fcθl , · · · , e−j2π(Nt−1) d

c fcθl

]T
= ft

(
2
d

c
fcθl

)
= ft (θl) . (5)

Based on the analog beamforming vector designed in (5),
the normalized array gain η(al, θl, fc) achieved by al in the
physical direction θl at the central frequency fc is

η(al, θl, fc) =
∣∣∣∣ft(2d

fc

c
θl)Hal

∣∣∣∣
(a)
=
∣∣ft(θl)Hal

∣∣ ≈ ∣∣ft(θl)H ft(θl)
∣∣ = 1, (6)

where (a) comes from d = λc

2 = c
2fc

. It is clear from (6)
that by setting the analog beamforming vector al = ft(θl),
the optimal normalized array gain of 1 can be achieved
at the central frequency fc. Thus, considering fm ≈ fc,
m = 1, 2, · · · , M , the narrowband systems can enjoy the sat-
isfying normalized array gain across the entire bandwidth B.

B. Beam Split Effect

In wideband systems, since the PSs are frequency-
independent and the antenna spacing d is set according to
the central frequency fc, the analog beamforming vector al is
usually set the same as (5), which is frequency-independent.
However, considering the frequency-independent phase shifts
will cause frequency-dependent time delays, i.e., phase shift
Δθ corresponds to time delay −2πfmΔθ at subcarrier fre-
quency fm, the equiphase surfaces generated by the analog
beamforming vector al will be separated at different sub-
carriers. Therefore, the beams generated by al will point to
different physical directions surrounding the target physical
direction θl at different subcarriers. This effect is called beam
squint in mmWave massive MIMO systems [17]. Fortunately,
since the beams can still cover the user by their mainlobes,
the array gain degradation caused by the beam squint is small
and can be solved by existing methods [18]–[21].

However, the beam squint effect will be severely aggregated
in THz massive MIMO systems for two reasons. Firstly, due
to the much larger bandwidth of THz massive MIMO systems,
the deviations between the physical directions that the beams
at different subcarriers are aligned with and the target physical
direction will significantly increase. Secondly, the much larger
number of antennas in THz massive MIMO systems leads
to an extremely narrow beamwidth. Due to the above two
reasons, the beams at different subcarrier frequencies may be
totally split into separated physical directions in THz massive
MIMO systems as shown in Fig. 3 (a). Thus, unlike the
beam squint effect, an unacceptable array gain loss occurs
since most of the beams at different subcarriers cannot cover
the user in their mainlobes. Unfortunately, this aggregated
effect cannot be solved by the existing methods based on the
conventional hybrid precoding architecture [18]–[21], and it
has not been well addressed in the literature for THz massive
MIMO systems. To this end, we define the effect that the
beams at different subcarriers are totally separated as the beam
split effect. A simple analogy between the beam split effect
and the rainbow can illustrate the mechanism of the beam
split effect. As shown in Fig. 3 (b), because the tiny water
droplets in the air have different refractive indices for the
wideband white light, the pure light of different frequencies
will totally separate and eventually produce the rainbow. Just
like the rainbow, frequency-independent PSs cause different
“refractive indices” for THz signals at different frequencies,
and thus leads to totally separated beams at different frequen-
cies. Therefore, we can also call the beam split effect as “THz
rainbow”.

The following Lemma 1 will theoretically quantify the
severe array gain loss caused by the beam split effect, which
is mainly determined by the bandwidth and the number of
antennas.

Lemma 1: The beam generated by the analog beamforming
vector al = ft(θl) is aligned with the physical direction θl,m

satisfying θl,m = θl

ξm
, where ξm = fm

fc
is the relative fre-

quency. Furthermore, when |(ξm − 1)θl| ≥ 2
Nt

, the normalized
array gain η(al, θl, fm) achieved by the analog beamforming
vector al in the physical direction θl at subcarrier frequency
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Fig. 3. The mechanism of the beam split effect: (a) the beam split at subcarrier frequency fm; (b) the analogy between the beam split effect and the rainbow
over the large bandwidth.

fm satisfies

η(al, θl, fm) ≤ 1
Nt sin 3π

2Nt

. (7)

Proof: The normalized array gain achieved by the analog
beamforming vector al in an arbitrary physical direction
θ ∈ [−1, 1] at subcarrier frequency fm can be denoted as

η(al, θ, fm) =
∣∣∣ft(2d fm

c θ)Hal

∣∣∣. Then, we have

η(al, θ, fm)
(a)
=
∣∣∣∣ft(2d

fm

c
θ)H ft(θl)

∣∣∣∣
(b)
=

1
Nt

∣∣∣∣∣
Nt−1∑
n=0

ejnπ(ξmθ−θl)

∣∣∣∣∣
(c)
=

∣∣∣∣∣ sin Ntπ
2 (ξmθ − θl)

Nt sin π
2 (ξmθ − θl)

e−j
(Nt−1)π(ξmθ−θl)

2

∣∣∣∣∣ , (8)

where (a), (b), and (c) come from al = ft(θl), (4), and

the equation ΣN−1
n=0 ejnπα = sin

Ntπ
2 α

Nt sin π
2 αe−j (N−1)π

2 α, respectively.
Then, we can obtain

η(al, θ, fm) =
1

Nt
|ΞNt((ξmθ − θl))|, (9)

where ΞNt(x) =
(
sin Ntπ

2 x
)
/
(
sin π

2 x
)

is the Dirichlet sinc
function [28]. It is known that the Dirichlet sinc function
has the power-focusing property, where the maximum is
|ΞNt(0)| = Nt and the value of |ΞNt(x)| decreases sharply as
|x| increases [28].

Denote θl,m as the physical direction that the analog beam-
forming vector al is aligned with at subcarrier frequency fm.
The analog beamforming vector al should achieve the largest
array gain in the physical direction θl,m when θl,m =
arg maxθ η(al, θ, fm). Therefore, considering the maximum
of |ΞNt(x)| is |ΞNt(0)| = Nt, the physical direction θl,m

should satisfy ξmθl,m−θl = 0 according to (9). Hence, we can
obtain

θl,m = θl/ξm. (10)

Moreover, by substituting θ = θl into (9), the normalized
array gain η(al, θl, fm) can be denoted as η(al, θl, fm) =
1

Nt
|ΞNt((ξm − 1)θl)|. According to the power-focusing prop-

erty of the Dirichlet sinc function, when |(ξm − 1)θl| ≥ 2
Nt

,
|(ξm − 1)θl| locates out of the mainlobe of the Dirichlet sinc
function |ΞNt(x)|. This indicates the beam generated by the
analog beamforming vector al cannot cover the user with its
mainlobe, and a severe array gain loss will occur. Considering
that the maximum value of |ΞNt(x)| when |x| ≥ 2

Nt
is

(1/Nt) sin 3π
2Nt

, we have

|η(al, θl, fm)| =
1
Nt

|ΞNt((ξm − 1)θl)| ≤ 1
Nt sin 3π

2Nt

, (11)

when |(ξm − 1)θl| ≥ 2
Nt

. �
Lemma 1 has revealed two major parameters that affect

the array gain loss caused by the beam split effect, i.e., the
bandwidth B and the number of antennas Nt. Specifically,
when the bandwidth B and the number of antennas Nt are
large, the condition |(ξm − 1)θl| ≥ 2

Nt
can be easily satisfied

at most subcarriers, which indicates that beams at most of
subcarriers cannot cover the user with their mainlobes. As a
result, the achieved array gains at most of the subcarriers are
upper bounded by 1

Nt sin 3π
2Nt

as shown in (11), which are

extremely small. This array gain loss caused by the beam
split effect can be explained from the physical perspective.
Firstly, when the bandwidth B grows up, the physical direc-
tion deviation, i.e., |θl,m − θl|, increases. Secondly, a larger
number of antennas Nt will result in a narrower beamwidth.
Consequently, considering the large bandwidth B and the large
antenna number Nt in THz massive MIMO systems, there will
be a large physical direction deviation and an extremely narrow
beamwidth at most of the subcarrier frequencies. Under this
case, the beams at different subcarriers will become totally
separated, which means the beam split effect occurs and thus
cause a severe array gain loss.

It is important to define a simple metric to evaluate the
degree of the beam split effect. Actually, from the description
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Fig. 4. Comparison of normalized array gain achieved by the conventional hybrid precoding architecture with analog beamforming vector al = ft(θl),
θl = 0.5 and M = 128: (a) Sub-6G MIMO with fc = 3.5 GHz, B = 0.1 GHz, and Nt = 16; (b) MmWave massive MIMO with fc = 28 GHz,
B = 2 GHz, and Nt = 64; (c) THz massive MIMO with fc = 300 GHz, B = 30 GHz, and Nt = 256; (d) THz massive MIMO with fc = 300 GHz,
B = 2 GHz, and Nt = 4096; (e) Average nomalized array gain with respect to the BSR defined in (12), where we mark points corresponding to the sub-6G
MIMO in (a), mmWave massive MIMO in (b), and THz massive MIMO in (c) and (d), respectively.

above, we can conclude that the degree of the beam split effect
is determined by the “relative offset” between the physical
direction deviation and the beamwidth. When the relative off-
set is large, beams tend to split at different subcarriers. While,
when the relative offset is small, beams will not even squint.
Following this idea, we define a metric called beam split ratio
(BSR). Specifically, the BSR is defined as the expectation of
the ratio between the physical direction deviation and half
of the beamwidths for all subcarrier frequencies and physical
directions as

BSR =
1

2M

∫ 1

−1

M∑
m=1

|θl,m − θl|
2/Nt

dθl

=
∫ 1

−1

1
M

M∑
m=1

1
2
|Nt(ξm − 1)θl|dθl, (12)

where |θl,m − θl| is the physical direction deviation, and
2/Nt denotes half of the beamwidth. Note that the condition
|(ξm − 1)θl| ≥ 2

Nt
or 1

2 |Nt(ξm − 1)θl| ≥ 1 means the beam
at the subcarrier frequency fm cannot cover the user with its
mainlobe, and the BSR is defined as the average of 1

2 |Nt(ξm−
1)θl|. Therefore, we can suppose that if BSR > 1, the beams at
different subcarriers cannot cover the user with their mainlobes
on average and the beam split effect occurs. On the contrary,
when BSR < 1, the beams will only slightly squint. A larger
BSR means a stronger degree of the beam split effect and a
more serious array gain loss. For instance, for a THz massive
MIMO system with parameters fc = 300 GHz, Nt = 256,
M = 128 and B = 30 GHz, BSR = 1.6 > 1,3 which indicates

3We consider the THz massive MIMO system with a bandwidth of 30 GHz
to support Tbps ultra-high-speed applications [2]. For example, a data rate
of about 0.58 Tbps is required for mobile hologram [29]. Such a data
rate requires at least 36.25 GHz bandwidth with 256 quadrature amplitude
modulation (QAM) or 32.22 GHz bandwidth with 512 QAM, so it is
reasonable to assume a 30 GHz bandwidth for THz massive MIMO.

the beam split effect happens in THz massive MIMO systems.
While, for a mmWave massive MIMO, the BSR is usually
smaller than 1, e.g., BSR = 0.29 for a mmWave massive
MIMO system with parameters fc = 28 GHz, Nt = 64,
M = 128 and B = 2 GHz. This indicates that the beam
squint rather than the beam split happens in mmWave massive
MIMO. Considering the performance loss caused by the beam
squint is limited compared with that caused by the beam
split, we can conclude that the beam split effect is one of
the differences between mmWave and THz massive MIMO
systems.

To better illustrate the beam split effect, we compare the nor-
malized array gain comparison achieved by the analog beam-
forming vector al between sub-6G MIMO system, mmWave
massive MIMO system, and THz massive MIMO system in
Fig. 4 (a), (b), (c), and (d). The BSRs of them are 0.03,
0.29, 1.6, and 1.71, respectively. In Fig. 4 (e), we provide
the average normalized array gain with respect to the defined
BSR. We can observe from Fig. 4 (a) and (b) that in sub-6G
and mmWave systems with BSR < 1, the beams at subcarrier
frequencies f1 and fM slightly squint from the beam at the
central frequency fc. By contrast, for THz massive MIMO
systems in Fig. 4 (c) and (d) with BSR > 1, the beams at
subcarrier frequencies f1 and fM are totally separated from
the beam at the central frequency fc. Fig. 4 (c) illustrates
that a wide bandwidth B will cause severe beam split effect.
Fig. 4 (d) shows that even if the bandwidth is not large, i.e.,
equal to that in mmWave systems in Fig. 4 (b), a large antenna
number Nt will also introduce the serious beam split. The
above observations are consistent with the array gain analysis
and the defined BSR highlighted in Fig. 4 (e), which verifies
that the beam split effect is caused by the wide bandwidth
and large antenna number in THz massive MIMO systems.
Moreover, Fig. 4 (e) shows that the average normalized array
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Fig. 5. Normalized array gain achieved by the conventional hybrid precoding
architecture with analog beamforming vector al = ft(θl) in different systems.
The system parameters are the same as these in Fig. 4 (a), (b) and (c).

gain decreases monotonically with BSR, which indicates the
defined BSR could be able to efficiently reflect the degree of
the beam split effect. Besides, Fig. 5 illustrates the normalized
array gain achieved by the analog beamforming vector al at
different subcarriers m. We can see from Fig. 5 that the analog
beamforming vector al suffers from a severe array gain loss in
wideband THz massive MIMO system due to the beam split
effect. While, the array gain losses in sub-6G and mmWave
systems are not serious. Particularly, for more than 50% of
subcarriers, e.g., the subcarriers m ≤ 47 or m ≥ 81 in THz
massive MIMO system, the user will suffer from more than
80% array gain loss.

Such a serious array gain loss incurred by the beam split
effect is not acceptable for THz communications. However,
the existing hybrid precoding methods with frequency-
independent PSs cannot solve this problem. Several TTD
based architectures have been proposed to solve the beam
split [22]–[25], where each antenna element is controlled by
one TTD. But these solutions are unpractical for massive
MIMO systems, since a large number of TTDs may bring high
power consumption and high hardware cost [17]. To our best
knowledge, there is no practical precoding architecture and
corresponding precoding design to solve the beam split effect
in THz massive MIMO systems. To fill in this gap, in the
next subsection we will propose a new precoding architecture
called DPP for THz massive MIMO systems.

C. Delay-Phase Precoding (DPP)

As discussed in Subsection III-B above, due to the beam
split effect, the frequency-independent beamformer generated
by the frequency-independent PSs in the conventional hybrid
precoding architecture, will result in severe array gain loss.
In this subsection, we will propose a new precoding archi-
tecture called DPP to solve this problem. As shown in Fig. 6,
compared with the conventional hybrid precoding architecture,

a TD network is introduced as a new precoding layer between
the RF chains and the frequency-independent PS network in
the proposed DPP. Specifically, each RF chain is connected to
K TD elements, and then each TD element is connected to
P = Nt

K PSs in a sub-connected manner [30]. Therefore, each
RF chain still connects to every antenna element through the
PSs. The TD network can realize frequency-dependent phase
shifts through time delays, e.g., the phase shift −2πfmt can be
achieved by the time delay t at the subcarrier frequency fm.
Thus, by utilizing the TD network, the proposed DPP con-
verts the traditional phase-controlled beamformer into delay-
phase jointly controlled beamformer, which can realize the
frequency-dependent beamforming.

Without loss of generality, we consider the l-th channel path
component. Since the TD network can provide the frequency-
dependent phase shifts, we now utilize the frequency-
dependent al,m instead of the frequency-independent al to
represent the analog beamforming vector generated by the
DPP for the l-th path component at the m-th subcarrier. al,m

can be denoted as

al,m = blkdiag
(
[āl,1, āl,2, · · · , āl,K ]

)
pl,m, (13)

where āl,k ∈ CP×1 with k = 1, 2, · · · , K denotes the analog
beamforming vector realized by PSs connected to the k-th
TD element, so we have |āl,k,[j]| = 1√

Nt
as usual due to the

constraint of constant modulus, and pl,m ∈ CK×1 composes
of the frequency-dependent phase shift realized by K TD
elements. Specifically, the k-th element pl,m,[k] in pl,m with
k = 1, 2, · · · , K satisfies the form pl,m,[k] = e−j2πfmtl,k ,
where the time delay provided by the k-th TD element is tl,k.

Aiming to compensate for the severe array gain loss caused
by the beam split effect, the analog beamforming vector
al,m should generate beams aligned with the target physical
direction θl at all M subcarriers. To realize this goal, we will
first use the frequency-independent PSs to generate a beam
aligned with the target physical direction θl as

[āT
l,1, ā

T
l,2, · · · , āT

l,K ]T = ft(θl). (14)

Then, we utilize the frequency-dependent pl,m in (13) to rotate
the physical direction that the beam [āT

l,1, ā
T
l,2, · · · , āT

l,K ]T =
ft(θl) is aligned with from θl,m to θl. To maintain the
directivity of the frequency-dependent beam generated by the
analog beamforming vector al,m, we set pl,m share the same
form as the array response in (4). Specifically, by making the
frequency-dependent phase shift −2fmtl,k = −(k − 1)βl,m

with k = 1, 2, · · · , K , pl,m satisfies

pl,m = [1, e−jπβl,m , e−j2πβl,m , · · · , e−jπ(K−1)βl,m ]T , (15)

where we define βl,m as the direction rotation factor at the
m-th subcarrier for the l-th path component. We set the value
range of the direction rotation factor as βl,m ∈ [−1, 1], due to
the periodicity of the pl,m in (15) with respect to the direction
rotation factor βl,m. By adjusting the direction rotation factor
βl,m, the beam generated by the analog beamforming vector
al,m can be made to be aligned with the target physical
direction θl at all M subcarriers, which is proved by the
following Lemma 2.
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Fig. 6. Precoding architecture comparison: (a) the conventional hybrid precoding architecture for mmWave massive MIMO; (b) the proposed DPP architecture
for THz massive MIMO.

Lemma 2: When āl,k satisfies [āT
l,1, ā

T
l,2, · · · , āT

l,K ]T =
ft(θl) as shown in (14) and pl,m = [1, ejπβl,m , · · · ,
ejπ(K−1)βl,m ]T as shown in (15), the beam generated by
the analog beamforming vector al,m can be aligned with the
physical direction θopt at the subcarrier frequency fm as

θopt = argmax
θ

|η(al,m, θ, fm)| =
θl

ξm
+

βl,m

ξmP
, (16)

where P = Nt/K , and the normalized array gain achieved by
the analog beamforming vector al,m in the physical direction
θopt is η(al,m, θopt, fm) = K

Nt
ΞP (βl,m

P ).
Proof : See Appendix.

We can know from Lemma 2 that the direction rotation
factor βl,m can change the physical direction of the beam from
θl,m = θ

ξm
achieved by the conventional hybrid precoding

architecture to θopt = θl

ξm
+ βl,m

ξmP . Therefore, to compensate
for the array gain loss caused by the beam split effect across
the entire bandwidth, we should make θopt = θl, i.e.,

θl

ξm
+

βl,m

ξmP
= θl. (17)

Then, we can easily obtain the direction rotation factor
βl,m as

βl,m = (ξm − 1)Pθl. (18)

By setting the direction rotation factor βl,m as (18), the array
gain loss incurred by the beam split effect can be efficiently
eliminated, since the beams generated by the analog beam-
forming vector al,m are aligned with the physical direction θl

across the entire bandwidth. As we can see from the Appendix,
the beamwidths of beams generated by al,m are approximately
decided by |ΞK(P (θl − ξmθ)+βl,m)|, which are equal to the
original beam generated by al = ft(θl) as 4

Nt
.

An important problem in the proposed DPP is that how
many TD elements are sufficient to mitigate the beam split
at all subcarriers in all possible physical directions. Note
that the value of the direction rotation factor is restricted
by βl,m ∈ [−1, 1]. Thus, the direction rotation factor βl,m

calculated as (18) should lie in [−1, 1] in all possible phys-
ical directions at all subcarrier frequencies fm. This means
−1 ≤ (ξm − 1)Pθl ≤ 1. Recalling that θl ∈ [−1, 1] and
f1
fc

≤ ξm ≤ fM

fc
, we have P ≤ 1

fM /fc−1 . Substituting

K = Nt/P into P ≤ 1
fM /fc−1 , we can obtain the constraint

on the number of the TD elements K as

K ≥ (fM/fc − 1)Nt. (19)

From (19), we can observe that the number of TD elements
K increases linearly with the ratio between the maximum
subcarrier frequency fM and the central frequency fc. Since
fM/fc is proportional to the bandwidth B, we can know that
K increases linearly with the bandwidth B. On the other hand,
in the narrowband system with the assumption fm ≈ fc,
K becomes 0. This means that the proposed DPP archi-
tecture degenerates into the conventional hybrid precoding
architecture in the narrowband case. In practical systems, since
fM/fc usually has an upper bound due to hardware constraint,
e.g., power amplifier [31], we can design the number of
TD elements K based on the upper bound of fM/fc. Thus,
when the central frequency fc is fixed, (19) can be always
satisfied with smaller fM , i.e., smaller bandwidths. In this
way, the proposed DPP architecture could adapt to systems
with different bandwidths by using an identical number of
TD elements K . Meanwhile, we should emphasize that even
if we set the number of TD elements K according to the
upper bound of fM/fc, the number of TD elements K is still
much smaller than the antenna number Nt. For example, when
fM/fc ≤ 1.05 and Nt = 256, K should satisfy K > 12.8.
Then, considering that P = Nt

K should be an integer, we can
set K = 16 which is much smaller than Nt = 256. Notice that
such a small number of TD elements introduce relatively small
power consumption, and make the proposed DPP architecture
be able to adapt to a wide frequency range.

D. Array Gain Performance of DPP

In this subsection, we will provide the theoretical analysis
of the array gain achieved by the proposed DPP architecture.
From (45), for the m-th subcarrier, we have

η(al,m, θl, fm) =
K

Nt

∣∣∣∣ΞP (
βl,m

P
)
∣∣∣∣ , (20)

where the θopt is replaced by θl, because we have θopt = θl

due to the proposed DPP. By substituting βl,m = (ξm−1)Pθl

in (18) into (20), the expectation of the array gain achieved
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Fig. 7. The proposed TTD-DPP structure.

by al,m at all subcarriers in all possible physical direction can
be denoted as

E(η(al,m, θl, fm) =
K

2MNt

M∑
m=1

∫ 1

−1

|ΞP ((ξm − 1)θl)|dθl.

(21)

As it is difficult to calculate the integration of the Dirichlet
sinc function, we utilize a polynomial to fit it by three points
(−1, |ΞP (1−ξm)|), (0, P ) and (1, |ΞP (ξm−1)|), which leads∫ 1

−1

|ΞP ((ξm − 1)θl)|dθl

≈
∫ 1

−1

[
(ΞP (ξm − 1) − P )θ2

l + P
]
dθl

=
2
3
|ΞP (ξm − 1)| + 4

3
P. (22)

By substituting (22) into (21), we have

E(η(al,m, θl, fm)) ≈ K

MNt

M∑
m=1

(
1
3
|ΞP (ξm − 1)| + 2

3
P

)
.

(23)

It is clear from (23) that the expectation of the array gain
achieved by the proposed DPP is mainly decided by the
relative frequency ξm. Considering the constraint of (19),
ξm − 1 always locates in the mainlobe of the Dirichlet
sinc function ΞP . This guarantees the array gain achieved
by the DPP is larger than 2KP

3Nt
= 0.667, which is much

higher than the array gain achieved by the conventional hybrid
precoding architecture as shown in Fig. 5. For instance, when
fc = 300 GHz, B = 15 GHz, M = 128, K = 8 and
Nt = 256, we have E(|η(al,m, θl, fm)|) ≈ 0.96, which means
the proposed DPP is able to approach the near-optimal array
gain.

IV. HARDWARE IMPLEMENTATION OF THE DPP

The hardware implementation of the DPP architecture is
important to make the DPP concept practical in real THz
massive MIMO systems. In this section, we will propose a
practical hardware structure to realize the concept of the DPP
based on TTDs.

A. True-Time-Delayers-Based DPP

Based on the intuitive idea that utilizing TTDs can be
directly used to realize the TD network in the proposed DPP
architecture, we propose a hardware structure called TTD-
DPP, as shown in Fig. 7. In the TTD-DPP structure, each RF
chain is connected to K TTDs, and each TTD is connected to
P = Nt

K PSs. The TTDs can realize the phase shift −2πfmt
by the time delay t at frequency fm. Therefore, the received
signal ym at the m-th subcarrier in (1) can be denoted as

ym =
√

ρHH
mAuATTD

m Dmsm + nm, (24)

where Au ∈ CNt×KNRF denotes the analog beamformer
provided by the frequency-independent PSs with Au = [Au,1,
Au,2, · · · ,Au,NRF ]. Au,l = blkdiag([āl,1, āl,1, · · · , āl,K ])
denotes the analog beamformer realized by the PSs
connected to the l-th RF chain through TTDs.
ATTD

m ∈ CKNRF×NRF denotes the frequency-dependent
phase shifts realized by TTDs, which satisfies ATTD

m =
blkdiag

(
[e−j2πfmt1 , e−j2πfmt2 , · · · , e−j2πfmtNRF ]

)
where

tl ∈ CK×1 = [tl,1, tl,2, · · · , tl,K ]T denotes the time delays
realized by K TTDs for the l-th path component.

Based on the notation above, the beamforming vector
for the l-th path component al,m =

[
AuATTD

m

]
[l,:]

=

Au,le
−j2πfmtl = diag([āl,1, āl,1, · · · , āl,K ])e−j2πfmtl .

Recalling (13), (14), (15), and Lemma 2 in subsection III-C,
to eliminate the beam split effect for the l-th path component,
the phase shifts provided by PSs and the time delays realized
by K TTDs have

[āT
l,1, ā

T
l,2, · · · , āT

l,K ]T = ft(θl), (25)

e−j2πfmtl =
[
1, e−jπβl,m , e−jπ2βl,m , · · · , e−jπ(K−1)βl,m

]T
,

(26)

where the direction rotation factor is βl,m = (ξm − 1)Pθl

according to (18). Therefore, noting that the value difference
between phase shifts of adjacent TTDs is equal, the time
delay vector tl should satisfies the following form as tl =
[0, slTc, 2slTc, · · · , (K − 1)slTc]T , where Tc is the period of
the carrier frequency fc, and sl denotes the number of periods
that should be delayed for the l-th path component. Thus, sl

should satisfy

−2πfmslTc = −πβl,m. (27)

Then, substituting Tc = 1
fc

, ξm = fm

fc
and βl,m = (ξm−1)Pθl

in (18) into (27), we have

sl =
(ξm − 1)Pθl

2ξm
. (28)

Note that in (28), the number of periods sl is not only decided
by the fixed P and the target physical direction θl, but also
decided by the variable relative frequency ξm. This makes (28)
hard to realize for all M subcarriers, since sl must be fixed
due to the hardware constraint of TTDs. To solve this problem,
we divide the phase shift −πβl,m = −π(ξm − 1)Pθl into
two parts −πξmPθl and πPθl. The first part is frequency-
dependent and can be realized by TTDs with

sl = Pθl/2. (29)
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Then, the second part πPθl is frequency-independent, which
can be realized through PSs by adding an extra phase shift.
Specifically, the phase shifts provided by PSs āl,k, k =
1, 2, · · · , K should be changed from (25) to[
āT

l,1, · · · , āT
l,K

]T =
[
ft(θl)[1:P ], e

jπPθl ft(θl)[P+1:2P ],

· · · , ejπ(K−1)Pθlft(θl)[(K−1)P+1:Nt]

]
. (30)

Considering the time delays tl,i should be larger than 0, a small
modification is required to be operated on (29). Finally, the
time delay of the i-th delayer tl,i should be

tl,i =

⎧⎪⎨
⎪⎩

(K − 1)
∣∣∣∣Pθl

2

∣∣∣∣Tc + i
Pθl

2
Tc, θl < 0,

i
Pθl

2
Tc, θl ≥ 0,

(31)

We can observe from (31) that the value range of tl,i is
tl,i ∈ [0, Nt

2 Tc] with θl ∈ [−1, 1] and 1 ≤ i ≤ K . For
example, when fc = 300 GHz, Nt = 256, and K = 16,
the range of time delays provided by the TTDs is between
0 and 426 ps. It should be noted that several efficient TTDs
could meet the time delay requirement [32]–[35]. For example,
the TTD designed based on artificial transmission lines can
realize the maximum time delay of 508 ps with a 4 ps time
delay step, and it can support a 20 GHz bandwidth [32].
Besides, [33] proposed a delay-line based TTD, which can
realize the maximum time delay of 400 ps with a 5 ps time
delay step and a 20 GHz bandwidth. These TTDs are able to
support the practical hardware implementation of the proposed
TTD-DPP.

By setting āl,i and tl,i as (30) and (31), the TTD-DPP
structure can compensate for the array gain loss caused by
the beam split effect for the l-th path component. Based on
the derivation above, we propose a precoding algorithm for the
TTD-DPP structure, where the key idea is to generate beams
towards different physical directions of path components at
first, and then the time delays are calculated accordingly
to make the beam aligned with the physical direction at
each subcarrier. Specifically, the pseudo-code is shown in
Algorithm 1. At first, for each path component, the analog
beamformer Au,l is calculated in steps 2-3. Then, the time
delays that should be delayed by K TTDs are generated
in steps 4-5. After that, for each subcarrier frequency, the
analog beamformer ATTD

m is generated in step 9. Finally,
the digital precoder Dm is also calculated based on singular
value decomposition (SVD) precoding in steps 10 and 11,
where μ is the power normalization coefficient. By utilizing
the Algorithm 1, the TTD-DPP can realize the near-optimal
achievable rate, which will be verified by simulations in
Section V.

It should be emphasized that we only provide one practical
hardware implementation of DPP in this paper. Actually,
any hardware component that can realize frequency-dependent
phase shifts is able to realize the concept of DPP. For instance,
multiple RF chains can be used to realize frequency-dependent
phase shifts in the baseband. Specifically, NRF RF chain group
with each group containing K RF chains can be utilized,
where each RF chain group connects to all antenna elements
through PSs in a sub-connected manner. In this way, when the

Algorithm 1 Precoding for TTD-DPP
Inputs:

Channel Hm; Physical direction θl

Output:
Hybrid precoder Au, ATTD

m , and Dm

1: for l ∈ {1, 2, · · · , NRF} do

2:

[
āT

l,1, · · · , āT
l,K

]T =
[
ft(θl)[1:P ], e

jπPθlft(θl)[P+1:2P ],

· · · , ejπ(K−1)Pθl ft(θl)[(K−1)P+1:Nt]

]
3: Au,l = blkdiag([āl,1, āl,1, · · · , āl,K ])

4: tl,i =

⎧⎪⎪⎨
⎪⎪⎩

(K − 1)
∣∣∣∣Pθl

2

∣∣∣∣Tc + i
Pθl

2
Tc, θl < 0,

i
Pθl

2
Tc, θl ≥ 0,

5: tl = [tl,1, tl,2, · · · , tl,K ]
6: end for
7: Au = [Au,1,Au,2, · · · ,Au,NRF ]
8: for m ∈ {1, 2, · · · , M} do

9: ATTD
m = blkdiag

(
[e−j2πfmt1 , · · · , e−j2πfmtNRF ]

)
10: Hm,eq = HH

mAuATTD
m

11: Dm = μVm,eq,[:,1:NRF],Hm,eq = Um,eqΣm,eqVH
m,eq

12: end for
13: return Au, ATTD

m and Dm

PSs generate frequency-independent beams according to (14)
and the baseband signal processing realizes the frequency-
dependent phase shifts βm according to (18), the mechanism
of the DPP proved in Lemma 2 can also be realized, and thus
the beam split effect can be eliminated.

In addition, without loss of generality, we consider the
single-user scenario to provide an insightful explanation of the
beam split effect and the proposed TTD-DPP structure in this
paper. For the multi-user scenario, the proposed TTD-DPP can
also achieve the near-optimal performance by simply modify-
ing existing multi-user precoding algorithms, e.g., following
the idea of beam selection based precoding [36]. To be more
specific, the TTDs and PSs generate beams aligned with differ-
ent users by following the design principle in Lemma 2, then
the digital precoder can be designed by utilizing zero-forcing
or block diagonalization based precoding method. Since the
proposed TTD-DPP can realize the near-optimal array gain
across the entire bandwidth, the near-optimal achievable rate
can be expected in the multi-user scenario [36].

B. Achievable Rate Performance

In this subsection, we will derive the achievable rate of the
proposed TTD-DPP structure. The achievable rate R of an
M -subcarrier wideband THz massive MIMO system is [26]

R =
M∑

m=1

Rm

=
M∑

m=1

log2

( ∣∣∣∣INr +
ρ

Nsσ2
HmAmDmDH

mAH
mHH

m

∣∣∣∣
)

,

(32)
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where Rm is the achievable rate at the m-th subcarrier, and
Am = AuATTD

m in TTD-DPP. By utilizing the ordered SVD
of Hm as Hm = UmΣf

mVH
m, Rm can be converted into [16]

Rm =log2

(∣∣∣∣Idm +
ρ

Nsσ2
Σf

m

2
Vf

m

H
AmDmDH

mAH
mVf

m

∣∣∣∣
)

,

(33)

where the diagonal matrix Σf
m = diag([λ1, λ2, · · · , λdm ]) ∈

Cdm×dm (λi, i = 1, 2, · · · , dm) representing the singular value
of Hm, and the matrix Vf

m ∈ CNt×dm with Vf
m

H
Vf

m = Idm

are obtained from the ordered SVD of the channel Hm, where
dm denotes the rank of Hm.

We assume that the parameters (Nt, NRF, Ns) for DPP
are designed to fully exploit the multiplexing gain from the
multi-path channel. This assumption can be easily satisfied in
practical THz massive MIMO systems [16]. Hence, according
to [16], (33) can be rewritten as

Rm =log2

( ∣∣∣∣INs +
ρ

Nsσ2
Σ2

mVm
HAmDmDH

mAH
mVm

∣∣∣∣
)

,

(34)

where Σm = Σf
m,[1:Ns,1:Ns]

and Vm = Vf
m,[:,1:Ns]

. Note
that Vm is the optimal precoding matrix without any hard-
ware constraint. Since the steering vectors ft(θ̄l,m) in (3) are
approximately orthogonal due to the large number of anten-
nas [37], these vectors ft(θ̄l,m) can form a set of orthogonal
basis of HHH . Notice that the columns of Vf

m are also a
set of orthogonal basis for HHH , the columns of Vm can be
approximately seen as the linear combination of ft(θ̄l,m) as

Vm ≈ AtDm,opt, (35)

where At = [ft(θ̄1,m), ft(θ̄2,m), · · · , ft(θ̄NRF,m)] with θ̄l,m

being sorted by path gains |g1| > |g2| > · · · > |gNRF |, and
Dm,opt ∈ CNRF×Ns . Note that in (35), Vm and At satisfy
Vm

HVm = INs and AH
t At = INRF . Therefore, the optimal

digital precoder Dm,op also satisfies DH
m,optDm,opt = INs .

Obviously, when Am = At and Dm = Dm,opt, the optimal

achievable rate Rm,opt is Rm,opt = log2

(∣∣∣INs + ρ
Nsσ2 Σ2

m

∣∣∣).

However, for the proposed TTD-DPP, the near-optimal
precoder Am = At and Dm = Dm,opt cannot be achieved
at all subcarriers, since the analog beamforming vectors al,m

as shown in (13) in DPP cannot be equal to ft(θ̄l,m) at all
subcarriers. We can obtain the achievable rate Rm,TTD of
the proposed TTD-DPP by substituting (35) into (34) as

Rm,TTD = log2

( ∣∣∣∣INs +
ρ

Nsσ2
Σ2

mVH
m,eqVm,eq

∣∣∣∣
)

, (36)

where Vm,eq = DH
mAH

mAtDm,opt. Considering that the
columns of Am are the analog beamforming vectors generated
by the DPP, which can generate beams aligned with the
physical direction θl, and the steering vectors towards different
physical directions are approximately orthogonal [37],
we have AH

mAt = blkdiag
([

aH
1,mft(θ̄1,m),aH

2,mft(θ̄2,m), · · · ,
aH

NRF,mft(θ̄NRF,m)
])

. Recalling the array gain

η(al,m, θl, fm) = |ft(2d fm

c θl)Hal,m|, we know that
Φm = AH

mAt satisfies

ΦH
mΦm = blkdiag

([
η(a1,m, θ1, fm)2, η(a2,m, θ2, fm)2,

· · · , η(aNRF,m, θNRF , fm)2
])

. (37)

Therefore, based on (37), the achievable rate Rm,TTD

becomes

Rm,TTD

= log2

(∣∣∣∣∣INs +
ρΣ2

mDH
m,optΦ

H
mDmDH

mΦmDm,opt

Nsσ2

∣∣∣∣∣
)

(a) ≈ log2

(∣∣∣∣∣INs +
ρE(η(al,m, θl, fm)2)Σ2

mDH
m,optDm,opt

Nsσ2

∣∣∣∣∣
)

(b)
= log2

(∣∣∣∣INs +
ρ

Nsσ2
E(η(al,m, θl, fm))2Σ2

m

∣∣∣∣
)

, (38)

where (a) is achieved by setting Dm = Dm,opt,
DH

m,optDm,opt = INs and the assumption η(a1,m, θ1, fm)2 ≈
η(a2,m, θ2, fm)2 ≈ · · · ≈ η(aNRF,m, θNRF , fm)2 ≈
E(η(al,m, θl, fm)2) which is reasonable since the beams
generated by the DPP can achieve near-optimal array
gain across the entire bandwidth, and (b) comes from
DH

m,optDm,opt = INs .
We can observe from (38) that the achievable rate Rm,TTD

is mainly decided by the array gain obtained in different
physical directions at different subcarriers. This indicates that
the array gain loss caused by the beam split effect is vital
to the achievable rate. Based on (38), the ratio between the
achievable rate achieved by the TTD-DPP and the optimal
achievable rate has

Rm,TTD

Rm,opt
=

log2

(∣∣∣INs + ρ
Nsσ2 E(η(al,m, θl, fm))2Σ2

m

∣∣∣)
log2

(∣∣∣INs + ρ
Nsσ2 Σ2

m

∣∣∣)

=
ΣNs

l=1 log2 (1 + ρ
Nsσ2 E(η(al,m, θl, fm)2)λ2

l )

ΣNs
l=1 log2 (1 + ρ

Nsσ2 λ2
l )

(a)
>

ΣNs
l=1

ρ
Nsσ2 E(η(al,m, θl, fm)2)λ2

l

ΣNs
l=1

ρ
Nsσ2 λ2

l

, (39)

where (a) is based on log2(1 + x) < x and
η(al,m, θl, fm)2 ≤ 1. Then, we have

Rm,TTD

Rm,opt
>

ΣNRF
l=1

ρ
Nsσ2 E(η(al,m, θl, fm)2)λ2

l

ΣNRF
l=1

ρ
Nsσ2 λ2

l

= E

(
η(al,m, θl, fm)2

)
. (40)

Similar to the process to compute E (η(al,m, θl, fm)) in (22),
the polynomial fitting with three points (−1, ΞP (1 − ξm)2),
(0, P 2) and (1, ΞP (ξm − 1)2) is utilized to calculate
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Fig. 8. Normalized array gain performance: (a) on different subcarriers; (b) against different subcarriers.

E(η(al,m, θl, fm)2) in (40) as

E

(
η(al,m, θl, fm)2

)

=
K2

2MN2
t

M∑
m=1

∫ 1

−1

[ΞP ((ξm − 1)θl)]
2 dθl

≈ K2

2MN2
t

M∑
m=1

∫ 1

−1

[
(ΞP (ξm − 1)2 − P 2)θ2

l + P 2
]
dθl

=
K2

MN2
t

M∑
m=1

1
3
ΞP (ξm − 1)2 +

2
3
P 2. (41)

It is clear from (41) that the achievable rate Rm,TTD of the
TTD-DPP structure will increase as K increases, since the
wider mainlobe of ΞP (x) results in the fact that |ΞP (ξm−1)|
is closer to 1. While, a small number of K is usually enough
to realize the near-optimal achievable rate performance. For
instance, when fc = 300 GHz, B = 15 GHz, M = 128, K =
8 and Nt = 256, we have Rm,TTD

Rm,opt
> E(η(al,m, θl, fm)2) =

0.94. This means that by adopting the proposed TTD-DPP,
which can efficiently mitigate the beam split effect, the near-
optimal achievable rate can be achieved.

V. SIMULATION RESULTS

In this section, we provide simulation results to verify
the performance of the proposed TTD-DPP to realize the
concept of DPP for wideband THz massive MIMO. The main
simulation parameters are shown in Table I.4 The ULAs are
considered at the BS and the user. We assume that the number
of streams is equal to the number of receive antennas, i.e.,
Ns = Nr. The performance of conventional hybrid precoding
methods using PSs is also provided for comparison. In the
proposed TTD-DPP, the number of TTDs is set as K = 16
except for Fig. 11 and Fig. 12, and the bandwidth is 30 GHz

4We assume NRF = L in simulations, since the number of RF chains
is usually larger than or equal to the maximum number of channel paths in
practice to guarantee the hybrid precoding performance [16].

TABLE I

SYSTEM PARAMETERS FOR SIMULATIONS

except for Fig. 12. We utilize (32) to calculate the achievable
rate. The transmission signal-to-noise ratio (SNR) is defined
as ρ/σ2.

Fig. 8 shows the normalized array gain performance.
Fig. 8 (a) illustrates the normalized array gain against the
physical direction of the beamforming vector al,1 at the
minimum subcarrier frequency f1, al,M at the maximum
subcarrier frequency fM , and the beamforming vector at the
central frequency fc. They are generated by the proposed DPP
with the target physical direction θl = 0.5. We can observe
from Fig. 8 (a) that at the minimum frequency f1 and the
maximum frequency fM , the beamforming vector al,1 and
al,M can be aligned with the target physical direction θl. Thus,
we can conclude that by using the proposed DPP, the user
can be covered by beams at different subcarrier frequencies,
which efficiently mitigates the array gain loss caused by
the beam split effect. More than 94% of the optimal array
gain can be achieved by the proposed DPP at f1 and fM .
The normalized array gain performance of the proposed DPP
at different subcarriers are shown in Fig. 8 (b). The target
physical direction is still set as θl = 0.5, and the bandwidth is
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Fig. 9. Achievable rate performance versus the transmission SNR for the
proposed TTD-DPP.

Fig. 10. Achievable rate performance comparison between the proposed
scheme and existing schemes.

B = 30 GHz. The array gains achieved by the conventional
hybrid precoding architecture with different bandwidths B =
0.3, 3, 30 GHz are also provided for comparison. We can
observe that when B = 30 GHz, the conventional hybrid
precoding architecture [16] suffers from severe array gain loss
due to the beam split effect, e.g., 80% array gain loss at most of
subcarriers. In contrast, the proposed DPP can realize almost
flat array gain across the entire bandwidth.

Fig. 9 illustrates the average achievable rate of the pro-
posed TTD-DPP, where different numbers of data streams
Ns = 1, 2, 4 are considered. We provide the achievable
rate performance of the optimal unconstrained fully-digital
precoding [9] and the theoretical result in (41) as the upper
bound and the lower bound, respectively. We can find that the
proposed TTD-DPP can achieve more than 95% of the optimal
achievable rate, and the actual achievable rate is always larger
than the lower bound in (41), which is consistent with the
analysis in the subsection IV-B.

Fig. 10 compares the average achievable rate performance
between the proposed TTD-DPP and other existing hybrid

Fig. 11. Achievable rate performance versus the number of TTDs K .

Fig. 12. Achievable rate performance versus the central frequency fc.

precoding schemes when Ns = 4. The existing solutions
include the spatially sparse precoding [16], the achievable rate
optimization [18], and the wide beam based hybrid precod-
ing [21]. Specifically, we can observe from Fig. 10 that the
spatially sparse precoding [16] suffers a nearly 50% achiev-
able rate loss caused by the beam split effect. Although the
achievable rate optimization [18] and wide beam based hybrid
precoding [21] designed for mmWave massive MIMO systems
can partially relieve the achievable rate loss incurred by the
beam split effect, the performance is still unacceptable. On the
contrary, the proposed TTD-DPP scheme can significantly
outperform these existing schemes and can achieve the near-
optimal achievable rate, e.g., more than 95% of the optimal
achievable rate.

We provide the achievable rate performance of the proposed
TTD-DPP versus the number of TTDs K in Fig. 11. The SNR
is set as 10 dB, and Nr = 4. We can observe from Fig. 11 that
the achievable rate performance of the proposed TTD-DPP
increases as the number of TTDs K grows up. It should be
noted that the proposed TTD-DPP can realize more than 95%
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Fig. 13. Energy efficiency comparison: (a) energy efficiency versus the number of RF chains; (b) energy efficiency versus central frequency.

of the optimal achievable rate when K is bigger than 16. This
indicates that the required number of TTDs K in the proposed
TTD-DPP is much smaller than the number of antennas N ,
e.g., K = 16 � N = 256. This small number of TTDs
guarantees an acceptable power consumption, which will be
verified by the energy efficiency comparison later.

Fig. 12 shows the achievable rate performance versus the
central frequency fc with different bandwidths B = 1, 15,
30 GHz. The SNR is set as 10 dB, and the number of TD
elements is K = 8. We can observe from Fig. 12 that for the
fixed number of TD elements K and antenna number Nt,
the performance of the proposed TTD-DPP increases when
the central frequency fc becomes larger or the bandwidth
B becomes smaller. Once (19) is satisfied, the proposed
TTD-DPP could achieve the near-optimal achievable rate
performance. Meanwhile, even when the proposed TTD-DPP
cannot completely eliminate the performance loss induced by
the beam split effect, its performance is still better than the
conventional hybrid precoding [16].

Finally, Fig. 13 provides the energy efficiency comparison
when NRF = Ns varies from 1 to 16 in Fig. 13 (a) and
fc varies with NRF = Ns = 4 in Fig. 13 (b). The energy
efficiency is defined as the ratio between the achievable
rate and the power consumption. Specifically, we compare
the energy efficiency of the conventional PSs based hybrid
precoding architecture [16], the TTDs based hybrid precoding
where the PSs are replaced by TTDs [23], and the proposed
TTD-DPP. The power consumption of these three schemes are
denoted as PHP, PTTD, PDPP, respectively. We have PHP =
Pt + PBB + NRFPRF + NRFNPPS, PTTD = Pt + PBB +
NRFPRF+NRFNPTTD, and PDPP = Pt+PBB+NRFPRF+
NRFKPTTD + NRFNPPS, where Pt is the transmission
power, and PBB, PRF, PPS, and PTTD denote the power
consumption of baseband processing, RF chain, PS, and TTD,
respectively. Here, we adopt the practical values as ρ =
30 mW [30], PBB = 300 mW [38], PRF = 200 mW [30],
PPS = 20 mW [38] and PTTD = 100 mW [32]. We can
observe from Fig. 13 (a) and (b) that the proposed TTD-
DPP enjoys higher energy efficiency than the conventional

hybrid precoding architecture using PSs and TTDs. Besides,
Fig. 13 (b) shows that the energy efficiency of the proposed
TTD-DPP decreases when fM/fc becomes larger, since the
larger fM/fc results in the more severe beam split effect.
Under this circumstance, the fixed number of TD elements
may not be able to fully eliminate the achievable rate loss
caused by the beam split effect. However, we can see that the
proposed TTD-DPP always has higher energy efficiency than
the conventional hybrid precoding architecture with TTDs.
This is because much fewer TTDs (NRFK instead of NRFN ,
where K � N ) are utilized in the TTD-DPP. In conclusion,
the energy efficiency performance shows that the proposed
TDD-DPP is able to provide a better tradeoff between the
achievable rate performance and power consumption.

VI. CONCLUSION

In this paper, we have investigated wideband precoding
for future THz massive MIMO systems. A vital problem
called beam split, i.e., the THz rainbow, where the generated
beams will split into separated physical directions at different
subcarrier frequencies, has been first analyzed. We revealed
that the beam split effect may cause serious array gain loss
and achievable rate degradation in wideband THz massive
MIMO systems. To solve this problem, we have proposed
a DPP architecture by introducing a TD network into the
conventional hybrid precoding architecture. By leveraging the
TD network, the DPP architecture can realize a delay-phase
jointly controlled beamformer, which can compensate for the
array gain loss caused by the beam split effect. To realize the
concept of DPP, we have further proposed a hardware structure
called TTD-DPP, where the frequency-dependent phase shifts
provided by the TD network are realized by a small number of
TTDs. Theoretical analysis and simulation results have shown
that the proposed DPP can eliminate the array gain loss caused
by the beam split effect, so it can achieve more than 95%
of the optimal array gain and achievable rate performance
in wideband THz massive MIMO systems. Potential future
works in this area may include other feasible implementa-
tions of DPP, improved algorithms to realize DPP, channel
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Fig. 14. The two of Dirichlet sinc functions, where ΞK denotes
| 1
K

ΞK(P (θl − ξmθ) + βl,m)| and |ΞP | denotes | 1
P

ΞP (θl − ξmθ)|.

estimation [39] and beam tracking [40] for DPP, and low-
cost hardware solutions such as low-resolution PSs and low-
resolution ADCs/DACs [41].

APPENDIX

PROOF OF LEMMA 2

Proof: The normalized array gain achieved by the analog
beamforming vector al,m on an arbitrary physical direction
θ at frequency fm can be denoted as η(al,m, θ, fm) =
|ft(2d fm

c θ)Hal,m|. With [āT
l,1, ā

T
l,2, · · · , āT

l,K ]T = f(θl) and
pl,m = [1, e−jπβl,m , · · · , e−jπ(K−1)βl,m ]T , we have

η(al,m, θ, fm)

=
1

Nt

∣∣∣∣∣
K∑

k=1

P∑
p=1

e−jπ[(k−1)P+(p−1)]θle−jπ(k−1)βl,m

× ejπ[(k−1)P+(p−1)]ξmθ

∣∣∣∣∣. (42)

By seperating the summation on K and P , we have

η(al,m, θ, fm)

=
1

Nt

∣∣∣∣∣
K∑

k=1

e−jπ(k−1)[P (θl−ξmθ)+βl,m]
P∑

p=1

e−jπ(p−1)(θl−ξmθ)

∣∣∣∣∣
=

1
Nt

|ΞK(P (θl − ξmθ) + βl,m)ΞP (θl − ξmθ)|. (43)

We can see that the array gain achieved by al,m is the
product of two Dirichlet sinc functions as shown in Fig. 14.
Due to the power-focusing property of the Dirichlet sinc
function, we can analyze the array gain η(al,m, θ, fm) through
the mainlobes of these two Dirichlet sinc functions. For
|ΞK(P (θl − ξmθ) + βl,m)| with respect to θ, the maximum
value can be achieved by setting P (θl − ξmθ) + βl,m = 0,
i.e., θ = θK,max = θl

ξm
+ βl,m

ξmP , and the mainlobe width of
|ΞK(P (θl,c−θ)+βl,m)| is 4

Nt
. Similarly for |ΞP (θl,c−ξmθ)|,

the maximum value can be achieved when θ = θP,max = θl

ξm

and the mainlobe width is 4
P . Considering βl,m ∈ [−1, 1],

we have θK,max ∈ [ θl

ξm
− 1

ξmP , θl

ξm
+ 1

ξmP ], which means that

θK,max locates in the mainlobe of |ΞP (θl−ξmθ)| whose range
is [ θl

ξm
− 2

ξmP , θl

ξm
+ 2

ξmP ]. In addition, considering P = Nt/K ,
the mainlobe width of |ΞP (θl − ξmθ)| is 4

P which is K times
wider than that of |ΞK(P (θl−ξmθ)+βl,m)|, whose mainlobe

width is 4
Nt

. Therefore, we can conclude that the variation of
|ΞP (θl−ξmθ)| in the mainlobe of |ΞK(P (θl−ξmθ)+βl,m)| is
much smaller than the variation of |ΞK(P (θl− ξmθ)+βl,m)|,
which is shown in Fig. 14. Therefore, the maximum value of
the array gain η(al,m, θ, fm) can be approximately considered
to be decided by |ΞK(P (θl − ξmθ) + βl,m)|. Thus, we have

θopt = arg max
θ

η(al,m, θ, fm) = θK,max =
θl

ξm
+

βl,m

ξmP
.

(44)

Then, the array gain achieved by al,m at θopt can be denoted
by substituting (44) into (43) as

|η(al,m, θopt, fm)| =
1
Nt

|ΞK(0)ΞP (θl − θopt)|

=
∣∣∣∣KNt

ΞP (
βl,m

P
)
∣∣∣∣ , (45)

which completes the proof. �
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